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Transient spherical waves in a. generalized Voigt model 
were investigated in this study. Both Laplace and Fourier 
transform solutions of the spherical wave equation for a 
. generalized Voigt model were obtained by means of the 
correspondence principle. Laplace transform solutions were 
inverted numerically into the domain for the study of the 
characteristics of the wave forms, and Fourier transform 
solutions were utilized for the analysis of frequency 
dependency attenuation in the models. 
Generalized Voigt models A and B in which a dashpot 
is connected in series with spring and dashpot components 
were unable to represent a solid which would simulate the 
real waves. 
The spherical wave parameters in the 4-element and 
6-element models were shown to correlate with real waves 
as to wave shape and the rate of attenuation of peak values 
at very short distances from the source. The major difference 
between real waves and the spherical waves of these models 
was the instantaneous arrival time in the latter as opposed 
to the much later arrival of real waves. 
A study of the dependency of attenuation on frequency 
in the 4-element and 6-element models was made. If a choice 
of the damping coefficients of the models is made, an atten-
uation exponent results which is approximately a linear function 
of frequency in the frequency range of seismic work. This is 
comparable with some published data. 
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xvi 
= normal stress 
= shear stress. 
= displacement potential 
= angular frequency 
= constants 
= symbol connecting a function and its 
transform · 
= transform of the variable when appearing 




The propagation of seismic waves through rock masses 
and other earth materials is of interest in many fields 
of science and engineering. Earthquake seismologists 
develop hypotheses concerning the structure of the earth's 
interior and many of its properties from seismograms rep-
resenting wave motion of earthquake generated seismic 
waves. Exploration geophysicists also utilize seismo-
grams, but representing artificially generated waves, to 
discover earth structures favorable for mineral accumula-
tions. In the fields of civil and mining engineering, 
engineers are concerned with the effects of wave motion 
on rock breakage and engineering structures both above 
and underground. 
Much of the previous work concerning the wave motion 
in rock masses has been done by assuming that the medium 
in which wave propagates is ideally elastic and hence, no 
dissipation of energy occurred. Sezewa (1,2}investigated 
the propagation of elastic waves generated from cylindri-
cal, spherical, and elliptic origins. Sharp (3} solved 
the problem of wave motion in an ideally elastic medium 
in which a unit step pressure pulse was generated in a 
spherical cavity. Duvall W> alone, and Duvall and 
Atchison (5) investigated particle displacement, velocity, 
2 
acceleration and stxain in a solid elastic medium near a 
spherical cavity in which a dual exponential pressure 
pulse of the form F(t} = F (e~at -e - 6t} was introduced. 
0 
Goldsmith {6) also investigated the spherical elastic wave 
generated by a single decaying exponential pressure pulse, 
F{t) = F e-a.t. 
0 
However, from results of experimental rock breakage 
by explosives, Duvall (7) pointed out that the rate of 
decay of peak strain in rock masses is greater than that 
of elastic media. It was found from detonations in Navajo 
sandstone (8) that the pulse duration increases as the 
first power of scaled travel distance. Based on these 
experimental results, it can be seen that the real be-
havior of the earth is non elastic. Furthermore, in situ 
investigations by Ricker (9) indicate that seismic wave-
lets also suffer energy dissipation. McDonal, et al., 
(10) and Collins and Lee (11) measured the attenuation due 
to the internal friction of seismic waves in a rock 
formation. Other measurements of energy dissipation in 
rocks and metal were made by Birch and Bancroft (12), 
Born (13), Peselnick and Zietz (14) and Usher (15). 
Direct measurements of the attenuation of seismic waves 
in the earth's interior and originating from earthquakes 
were made by Gutenberg (16) and Kovach and Anderson (17). 
In the light of the evidences mentioned previously, 
the classical elastic wave equations are often inadequate 
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to describe observed ph.enomena. Th.eretore, a theory other 
than that based on elasticity should be developed and used 
to properly describe observed phenomena. Knopoff (18) pro-
posed a solid friction model which involved attenuation 
as a function of frequency to the first power. Lee (19) 
investigated a model with a constant loss factor which is 
similar to Knopoff's. However, in an effort to find a 
better model, extensive use of viscoelastic models has 
been made. These can be represented physically by par-
allel and series combinations of linear springs and dash-
pots. Kolsky (20) and Bland (21) discuss linear visco-
elastic theory and the properties of various models. 
Much of the published literature dealing with visco-
elastic models is concerned with simple plane wave propa-
gation in Maxwell (a spring and a dashpot in series), Voigt 
(a spring in parallel with a dashpot} , and three-element 
models (a Voigt model in series with a spring or a spring 
in parallel with a Maxwell model). Lee and Kanter C22 ) 
investigated the plane wave in a finite rod of the Max-
well model by means of the Laplace transform. Glauz and 
Lee (23) extended Lee's and Kanter's work and studied the 
transient stresses and strains in a four-element model 
(a Maxwell model in series with a Voigt model) of a semi-
infinite bar. Morrison a4) investigated stress and veloci-
ty distributions in semi infinite rods of the Voigt and 
three-element models. Arenz as ) , Lee and Morrison (26 ) , 
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and Berry and Hunter {..271 also investigated these s.imple 
linear viscoelastic materials. These works had no practical 
application in correlating tlie real waves because they were 
either purely mathematical or their solutions were generally 
expressed in terms· of complicated integrals and remained 
without solution. 
The most significant work concerning theoretical and 
numerical solutions of the Voigt model was done by Collins 
(28} who, in his study of a plane Voigt wave,obtained the 
first numerical solution by application of the Laplace 
transform. An extension of the study of plane and spherical 
Voigt waves generated by different sources was conducted by 
Rupert (29), Clark and Rupert (30), and Clark,et al., (31,32) 
using Laplace transforms. By the same technique, Hornsey 
(33) continued studying plane three-element viscoelastic 
waves and showed that the Voigt spherical wave and three-
element viscoelastic plane waves do not represent explosive 
generated waves in rock. Moreover, no study of dispersion 
and frequency dependency attenuation was conducted by them. 
Scope of the Investigation 
The investigation of transient spherical waves and 
dispersion in a generalized Voigt model (Fig. 1) is 
essentially a continuation of the search for a proper 
phenomenological model for rocks which would account for 
the attenuation, pulse lengthening and dispersion 
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duri~g wave prop~gation. Since there are an infinite num-
ber of parameter combinations that could be investigated 
in a generalized Voigt model, it is necessary to confine 
the limits of an investigation of the model to those which 
will illustrate the problem without loss of generality. 
Four representatives of a generalized Voigt model (Fig. 2 :) 
will be studied. They are: 
(1) A Maxwell model connected in series with two 
Voigt elements which will be called generalized Voigt 
Model A. 
(2) A dashpot connected in series with two Voigt ele-
ments which will be called generalized Voigt Model B. 
{3) Two Voigt elements connected in series called 
the four-element model. 
{4) Three Voigt elements connected in series called 
the six-element model. 
In order to examine the wave parameters in the models 
described above, displacement, particle velocity, accelera-
tion,·_ strain and stress are studied. These will be em-
ployed as a basis of comparison with real waves. In addi-
tion, characteristic peak values, pulse lengths, rates of 
attenuation of peak values, and arrival times are also in-
vestigated as well as the effect upon wave parameters by 
the variation of the initial pressure'pulse, elastic con-
stants, and damping coefficients. Pressure pulses utilized 
6 




• F0 e , and dual decayi~g exponentials of the form, 
= F (e-at -e -at} where 6>a. 
0 
Objectives of the Investigation 
The objectives of this investigation are as follows: 
(1) To show·that numerical inversion techniques of 
the Laplace transform can be used to solve the spherical 
viscoelastic wave equations. 
(2) To study the spherical wave parameters in a 
. generalized Voigt model generated by the application of 
pressure pulses of the form of unit impulses, single,and 
dual decay exponentials to a spherical cavity. 
(3) To investigate the effect of the variation of the 
model components upon the spherical wave parameters. 
(4) To compare the spherical generalized Voigt waves 
with Voigt and real earth waves. 
(5) To study attenuation and phase velocity as a 
function of frequency in the four-element and six-element 
models and compare the computed results with experimental 
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Figure 2. Models under investigation 
(a) generalized Voigt model A 
(b) generalized Voigt model B 
(c) 4-element model 
(d) 6-element model 
CHAPTEE II 
CHARACTERISTIC TRANSfORM SOLUTIONS 
Introduction: 
The transmission characteristics of· waves in a 
. generalized Voigt model can oe given by their amplitude 
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and phase spectra. However, the wave forms measured in the 
field were shown in time domain and the attenuation was 
determined in terms of their peak values vs. distance. 
Consequently, in this study properties of spherical wave 
parameters in a. generalized Voigt model in time domain as 
well as their transmission characteristics in frequency 
domain are to be investigated. 
Until very recently, the spherical viscoelastic 
wave problem had not been extensively investigated. Lee 
(34) investigated the Voigt model for stress caused by 
a continuous harmonic forcing function, but altered it 
by the introduction of a constant loss factor. Berry 
(35) obtained an integral solution for a model similar 
to that of a Maxwell solid. Lockett (36) investigated 
the general viscoelastic model by numerical integration. 
Using a two-sided Laplace transform, Collins (37) ob-
tained a solution for a Voigt spherical equation but 
did not solve the inversion integral. The first numerical 
solution for spherical Voigt wave equation was solved 
by Clark, Rupert, and Jamison (381 and Hornsey (39} by 
taki~g Laplace transforms and inverting the transform 
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solutions by the technique mentioned previously. These 
studies concentrated on simple Voigt and Maxwell models 
because of the difficulty in obtaining numerical solu-
tions. In this investigation, it is shown that the 
study of viscoelastic waves can be extended to more 
complicated models such as the generalized Voigt model 
by applying the technique of numerical inversion of the 
Laplace transform. In obtaining the transform solutions 
for this type of model, it is assumed that the medium is 
isotropic and homogeneous so that the solution of the 
wave equation depends only on radial distance. The 
forcing functions 
ponential, F(t) = 
-at F (t) = F ~. -e 0 -
of a unit impulse, single decay ex-
-at . F0 e and dual decay exponent1al, 
-et), e>a are employed. The unit im-
pulse forcing function produces the response for each 
viscoelastic model which by means of convolution can be 
used to obtain the solution for other forcing functions. 
The solutions for dual decay exponential can be obtained 
by superposition of the solutions for the forcing func-
-at -at tions F(t) = F0 e and F(t) = F0 e • A dual decay 
exponential forcing function more closely resembles real 
pressure pulses and avoids the instantaneous rise time 
characteristic of that of single decay exponential. 
The Correspondence Principle 
Solutions for spherical elastic wave equations have 
been obtained by several previously mentioned authors. 
Since the governing differential equations for a visco-
elastic problem differs from an·elastic problem only in 
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the stress-strain relationship, the solutions for the 
elastic problems can be employed to obtain the transform 
solutions for viscoelastic problems by means of the 
correspondence principle. 
It is well known that three sets of equations sub-
ject to given boundary conditions for stress analysis 
in continuous mechanics are as follows: 
(i) the strain-displacement equations are 
1 e: . • = -2 (U . . + U. . ) ~J ) I~ ~~) ( 1) 
where Uj is the displacement in the direction of xj-axis, 







(ii) the equation of motion is 
aui 
a. . . + px. = P rr--t ~],] ~ 0 (2) 
where xi is the body force in the direction of xi-axis, 
p = the density 
a = the stress 
(J ••• = ao .. ;ax. 
~],] ~] J 
(iii) the strain-stress relations for elastic material 
are 
and 
s .. = 2 1 •e.·. l.J ..... l.J 
where s .. is the deviatoric stress, l.J 
eij is the deviatoric strain 
k is the bulk modulus, and 
ll is the modulus of rigidity 
For viscoelastic materials, the stress-strain relations 
are 
p (D) 0 kk = Q (D) Ekk 1 1 
and 
p (D) s .. = Q (D) e .. 
2 l.J 2 l.J 
P (D) , P {D) , Q (D) and Q (D) are linear differential 






operators of the time variable t with constant coefficients 
and are given as: 
n 
dk 
p {D) =L: pk dtk 1 
k=O 
m dk 
01 {D) ~6; qk dtk 
n dk 
p (D) =L: p*k 2 dtk 
k=O 
and 1 
02 {D) ~~ q* dk k dtk 
The pk's, qk's, pk*'s and q''s are material constants and 
define 'the characteristic of the material. 
13 
If the one-sided Laplace trans,;fo.rm is applied in equations 
(1) through (6) 
£ .. = 21 Gi . . + ii .. 1 1J J,1 1,J , 




where a bar over a variable represents the transform of 
the variable 
n 




= L: qk 
k=O 
, 
i?;· (s) = t p: sk , 
k=O 
and t Ql (s) * sk = qk 
k=O 
The governing equations for an elastic solid differ 
from equations (1,), (2), (5), and (6) only in that 
equations (5) , (6) are replaced by 
and 
sij = 2}.leij 
Their transforms differ only in that ~ (s)/~ (s) and 
Q2 (s)/p 2 (s) are replaced by 3k and 2}.l respectively, i.e. 
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3k .... 01 (.s.l 
ih (s} 
;:::; 
.Y 1 tsl (7) 
and 
2'1-1 -+ 02 (s} 
P2 (s) 
= Y2 (s} (8) 
Moreover, since A 2 = k - 3 '1-1, then A is replaced as follows: 
A + ~ ( Y, (s) - Y2 (s)) {9) 
Hence, the correspondence principle for wave motion 
in elastic and viscoelastic material can be stated as: 
If the solution of an elastic problem is known, the La-
place transform of the solution of the corresponding 
viscoelastic problem may be found by replacing the elastic 
constants k and ll by their viscoelastic equivalents accord-
ing to equations (7) through (9). 
This principle enables one to obtain the transform 
solution for spherical waves for the viscoelastic models 
provided an elastic solution can be obtained and the 
boundary conditions for the elastic and viscoelastic 
problems are identical. 
The Transform Solutions 
The equation of motion of a spherical elastic wave 
is 
where ~ is the displacement potential, 
2. _ A+2ll 
C - p I 
and A and ll are Lame's constants. 
(10) 
The assumed initial and boundary conditions (33) are 
()(ref>) 
= at 
rep = 0 
and 




tl ;:::; - F (t} 
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From the correspondence principle, the transform solution 
for the displacement potential for any of the linear visco-
elastic models can be obtained directly from the transformed 
elastic solution of equation (10) by replacing the elastic 
moduli by the transforms of the corresponding viscoelastic 
moduli. In order to simplify the transform solutions for 
the viscoelastic medium, it is assumed that (i) A = ~, 
and (ii) the viscoelastic equivalent of Poisson's ratio 
1 is not time dependent and v = 4 or 2 Y1(s) = 5 Y2(s). 
Thus, from equations (8), (9) 
A+ 2\l + ~ )y, (s)- Yz (s)l + y, (s) = ~ Y, (s) (15) 
Substitution of equation (15) into the Laplace transform 
of equations (10) through (14) gives 
~ Pl (s) s2 r~ = 0 
3 01 (s) 
(16) 
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3 01 tsl .a2cp + L 01 tsl E.t-
-itsl t>O (17) ,.., r;::;r , 
5 P1 ts) or2 Sr P1 tsl ar 0 
acri> 
= 0 r>r t=O (18) 
at o' 
r<t> = 0 r>r 1 t=O (19) 0 
lim r~ =0 
r"*oo 
r>r 1 0 t=O (20) 
One can rewrite equation (16) as 
d 2 (r4i) W2 (s)s 2 -




Sp P1 (s) 
• C1 2 3 Q1 (s) 
The solution of equation (21), then, is 
According to the condition in equation (20), C2 must 
vanish in equation (22). To determine the constant the C 1 






Substitution of equation (.23} into (.221. gives 
r ·e-w (s} s tr-r0 l/c1 0 (24) 
However, primary interest is in the wave parameters 
which are the components of displacement, particle velocity, 
accele.ration, strain and stress normal to the wave surface. 
The displacement is 
u = 2.1 ar 
or 
r 0 e-W(s)s(r-r0 }/cl 
[LJ 
[ 1 + W(s)s J rz- c1r 
(25) 
(26} 
where ~ is used for the symbol connecting a function to 
its transform then u(r,t) !; u (r,s), and 
The particle velocity may be found by differentiating the 
displacement with respect to t or multiplying equation 
(26) by s)that is 
[ 1 + W (s) s] • rr C1r 
(27) 
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The acceleration is obtained by multiplying s times v and 
is 
A (r ,t} . -. sv 
(28} 
[ 1 2 + W(s)s] 
r c 1 r 
Differentiating the displacement with respect to r gives 
strain, i.e. 
a -W(s)s(r-r0 )/Cl 
E(r,t) = a~~ -5 F(s) W2 (s) roe [L] 
(29) 
The stress is determined by the following relation: 
cr(r,t) = (A + 2u) E (r,t) + 2A u(r,t)/r. 
Therefore 
(30) 
For different forcing functions generated in a spherical 
cavity, equations (26) through (30) vary only in the terms 
F(s). For a unit impulse forcing function 
F(s) = 1, 
for a single decay exponential forcing function, 
- 1 
F(s) = s+a 
and for a dual decay exponential forcing function, 
1 1 
F(s} = s+a - s+6 
Some Implications f:rom the T:rans·fo:rm Solutions 
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Before the transform solutions are inverted into the 
time domain and a detailed study of the wave parameters 
is made, it is possible to determine certain behaviorisms 
of the wave parameters by examining the transform solu-
tions utilizing the well-known initial-value theorem and 
final-value theorem (Hell, Maple, Vinograde (40) ). 
This reveals the asymptotic behavior of the wave parameters 
as t approaches zero and infinity. 
Let f(t) be any one of the wave parameters to be 
solved and f(s) its Laplace transform, i.e. 
00 
f(s) =~e-st f(t) dt s>O 
0 
The final-value theorem states that 




which connects the behavior of f(t) as t-+oo to the behavior 
of f(s) as s-+0. 
For the generalized Voigt model A, W2 (s) in equation 
(26) through (30) is given as 
and in the generalized Voigt Model B as 
W2 (s) = b P2S 2 + Pl! + Po 
.qss 3 + q2s 2 + q1s 
(33) 
(34) 
The pk's and qk's are different for each model and are 
given in Appendix A 
Lastly 
5 2 b = 3 pc.1 
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Applying equation (32) with f(s) replaced by u(r,s), 
v(r,s) A(r,s), E(r,s) and o(r,s) (Figs. 3,4) in equations 
(26) through (30) and substituting equations (33), (34) 
for generalized Voigt model A and B into them respectively, 





lim E (r, t) 
t+oo 




5b EQ. 3 ~ ;,& 0 
-r ql r 
0 = lim A(r,t) = lim cr(r,t) 
t+oo t+oo 
The results apply for the case F(s) = 1. Similar 
results can also be obtained for single and dual decay 
exponential forcing functions. Hence, as t+eo, v(r,t), 
A(r,t) cr(r,t) in the generalized Voigt model A and B for 
those three forcing function approach zero, while u(r,t) 
and E(r,t) approach a constant. 
Similarly, for the 4-elernent model 
W2(s) = b PlS +Po 
qas 2 + q1s + q 0 
(35) 
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and for the 6-element model 
(36) 
where pk's and qk's are given in Appendix A for each model. 
The substitution of equations (35) (36) into (26) through 
(30) (Figs. 5,6) and applying equation (32), all wave 
parameter approach zero as t+oo. 
The asymptotic behavior of the wave parameters, as t 
approaches zero, can be found from the initial-value theorem 
which is 
lim sf(s) = lim f(t) 
s-+oo t-+ ()'&' 
(37) 
Substitution of equations (33) through (36) into (26) 
through (30) and use of equation (37) shows that all waves 
for generalized Voigt models. A and B, A-element and 6-element 
+ models approach zero as t-+·0 , since 
lim f(s) = 0 (38) 
s-+oo 
This implies that the expressions for u(r,t), v(r,t), 
A(r,t)JE(r,t) and cr(r,t) for all viscoelastic models in 
at this study are of exponential order e for some constant 
a and sectionally continuous (Holl, Maple, Vinograde (41) ) 
and may be inverted into the time domain. 
The preceding analysis reveals that there are two 
groups of models whose wave parameters have different 
asymptotic behavior. One group is the models of generalized 
22 
Voigt model A and B. The other consists of the 4-element 
and 6-element models. 
Numerical Inversion of th.e Laplace Transform 
Since there are no transform pairs in the literature 
for the transforms (26) through.·(30), the numerical in-
version of the Laplace transforms is employed to obtain 
real time solutions. There have been several methods 
for numerically inverting Laplace transform developed in 
the past few years. Schmittroth (42) and Bellman (43) 
used numerical quadrature while Weeks (44) and Papoulis 
(45) utilized orthogonal functions. Berger (46) and Miller 
and Guy (47} developed methods of numerical inversion based 
upon Jacobi polynomials while Cambi (48) developed the 
method of numerical inversion by using Neumann series. 
Pubner and Abate (49} inverted transforms numerically 
by relating them to the finite Fourier cosine transform. 
Although there are many methods of inverting the Laplace 
transforms numerically, only_the technique developed by 
Bellman is used in this research. The accuracy of this 
method is compared with that obtained by solutions obtained 
by Clark, et al., (50} and the numerical technique of 
Papoulis in Appendix c. 
Bellman's method is briefly described as follows: 
Let f(s) be the Laplace transform of f{t) i.e. 
00 
f(s) ~~e-st f(t) dt (39) 
If x = e-t equation (39) becomes 
1 
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f (s) = J xs-l f (-log xl 
0 
dx (40) 
Applyi:ng the quadrature formula for the right-hand 
side of equation (40) and solving £(-log x) from f(s), 
then one obtains 
n-1 
£(-log xj) = E f(k+l) qkj/Aj 
k=O 
k=O, 1, 2, ••• n ( 41) 
where qkj/A are constants and given in Appendix E, xj are 
the zeros of the shifted Legendre polynomials Pw* (X) 
and PN* (X) = PN (l-2x). The derivation of equation (41) 
is given in Appendix C. 
Fourier Transform Solutions 
The problem of spherical wave propagation in the 
viscoelastic models can also be studied by means of the 
one-sided Fourier transform which is defined as 
~(t) e-iwt dt = f(w) 
0 (42) is equivalent to equation (31) if s = iw, Equation 
f(t) = 0 for t<O, and r I f(t) I dt<m. 
The advantage of a Fourier solution is that f(w) 
(42) 
may be evaluated for values of w thereby providing a fre-
quency analysis for the wave parameters and distances of 
interest. 
The Fourier transform solution to a large class of 
dynamic problems concerning viscoelastic materials may be 
24 
obtained utilizing the correspondence principle as discussed 
by Bland {51). This allows the Fourier transform solu-
tions of the viscoelastic case to be obtained by substi-
tuting. complex moduli equivalents of the elastic constants 
into the transformed elastic solution. This replacement 
is made as follows: 
3k -+ i? 1 (iw) = Z1 (iw) (43) 
01 (iw) 
and 
2ll -+ P2 (iw) = Z2 (iw) 
02 (iw) 
(44) 
- -where Z1 (iw), Z2Xiw) are complex moduli, and P1, 01, P2, 
and Q2 are Fourier transforms of linear operators having 
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TRANSIENT SPHERICAL WAVES IN GENERALIZED 
VOIGT MODELS A AND B 
Introduc·tion: 
It is desirable to obtain mathematical models which 
can be used to describe real earth motion. Models of 
particular interest are those that exhibit wave character-
istics similar to wave motion and attenuation observed in 
the close-in range of a large distrubance. Up to the present 
time, viscoelastic models which had been evaluated are the 
simple models such as the Voigt, Maxwell and standard linear. 
The investigation of other models is undertaken not only 
to obtain an understanding of the behavior of the more complex 
viscoelastic models, but to aid in choosing more realistic 
models for simulating real earth waves. The determination 
of the wave parameters for generalized Voigt models A and 
B when subjected to various forcing functions is the purpose 
of this chapter. 
The strain-stress relationship for the generalized 
Voigt model A has been derived by Bland (52) as 
e:=(!._+_L+ ~ 1 ) (J E1 n 2 D k=~ Ek + nkD (45) 
.. a:n.;;f~·fo:i: the generalized Vo:Lgt model B as 
(46) 
Each model is considered to be non-degenerate and thus 
its elastic and viscous elements di.ffex- in yq.lue. 
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In order to illustrate and examine the wave parameters 
for these two models, values for the spring components and 
dashpots of the models must be chosen. The damping co-
efficients n , n , and q for dashpots are given as E jw , 
2 3 4 2 2 
E jw , and E /w respectively, where 
3 3 4 4 
w , w , and w are 
2 3 4 
chosen to be w2 = w3 = w0 = 600, and w = 2w ; E , E , and 4 0 2 3 
E are set equal toE = pc 2 • The values of a and S in 
4 0 1 
the single and exponential pressure pulse are given 60 and 
240 respectively. All these chosen values are based upon 
the work of Clark, et al., (53) so that the results in this 
study can be compared with their works. Equations (33) and 
(34} are substituted into equations (26) through (30) and the 
transforms numerically inverted by Bellman's method. With 
the chosen values, the curves representing the radial dis-
placement, particle velocity, acceleration, strain and 
stress are plotted as a function of dimensionless time 
T=w 0 t and dimensionless radial distance R=wo(r-ro)/c, 
where c=20,000 ft/sec and ro=SO ft. The dimensionless 
distances R=l,2,3, are equivalent to the distances 
r=l.66r 0 , 2.33r 0 , and 3.0ra respectively, where ra is the 
radius of cavity. The normalizers for the curve values are 
E 0 w0 /5bF 0 r 0 for displacement, particle velocity and 
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acceleration, -Eo.Wa./56Foro for strain and wa./Fara for 
stress. 
Wave Parameters for the Generalized Voigt Model A: 
For the displacement at various distances generated 
by a dual exponential forcing function in the generalized 
Voigt model A (Figure 7) it is seen that the particle dis-
placement increases with time. However, it asymptotically 
approaches a limit u~ as t approaches infinity. This was 
shown in Chapter II, and the limit is 
U '-oo 
(4 7 ) 
Equation (47) indicates that for a given distance r, 
all components in the model cease influencing the dis-
placement at t=oo except the dashpot n2 . In addition uoo 
increases with decreasing n2 (increasing w2) or r. The 
displacement generated by a unit impulse forcing function 
(Figure 8) differs from that of a dual exponential pressure 
pulse in the sense that it commences at zero, 
reaches a peak, then decreases and approaches asymptotically 
b r 2 
a limit uoo = -- ~ • 
n 
2 The curves describing the behavior of the particle 
velocity attributed to the -dual exponential forcing 
function (Figure 9 ) rise from zero to a peak value, then 
decrease. Finally it approaches zero asymptotically at 
t=oo as shown in Chapter II. It displays only a single pulse 
in which no oscillation occurs regardless of the radial 
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distance. However, the peak. values of ;particle velocity 
decrease with increasing radial distance and the rate 
of attenuation is -2.3 (i.e.~ r- 2 • 3). The particle 
velocity resulting from a unit impulse forcing function 
differs from the previous forcing function in that it 
crosses the T-axis once and negatively approaches zero 
asymptotically. The rate of attenuation (Figure 10) is 
-3.7. 
The accelerations generated by a dual exponential and 
a unit impulse forcing function are as shown in Figures 11 
and 12. The former peaks both above and below the T-axis, 
and the rate of attenuation of the first peak values is 
-2.8. However, for a unit impulse forcing function, there 
are two peaks above and one peak below the T-axis, and the 
rate of attenuation of the former is -s.s. 
The shape of the strain curve generated by a dual 
exponential forcing function (Figure 13) shows that the 
strain is non-oscillatory and increases with time. It 
asymptotically approaches the limit Eoo which was shown in 
Chapter II and is: 
(48) 
Similar to the behavior of displacement in this model, 
E00 for a. given r depends only on n2 and a decrease of n2 
will increase e~. The ratio of E00 at r=r1 and at r=r2 
The strain. generated by a unit impulse forcing 
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function is oscillatory as shown by ita crossing of the 
T-axis once. The rate of attenuation of the peak values 
(Figure 16) is ~3.0. 
The dashpot with Q2 not only is significant in deter-
mining the asymptotic behavior in the displacement and 
strain but it also affects the arrival of the wave front 
and the magnitude of the peak values of the waves. A de-
crease of n2 (Figures li, 18, and 19) will result in an 
earlier arrival of the wave front and an increase of the 
peak values for all waves except stress which decreases 
with decreasing n2· 
The waves generated by a single exponential forcing 
function applied to this model have the same general shape 
as those for a dual exponential forcing function. However, 
the former gives an earlier arrival of the wave front, higher 
peak values and a more abrupt arrival of wave front than 
that of the latter. (Figures 20 and 21). 
Wave Parameters for Generalized Voigt Model B 
The wave parameters for the generalized Voigt Model B 
generated by dual exponential and unit impulse forcing 
functions (Figures 7 through 15) show that the generalized 
Voigt model B has the same general wave features as those 
for the generalized Voigt model A. Moreover, the dis-
placement and strain for both models approach the same 
limit as t approaches infinity. In spite of these similari-
ties, they differ from each other as follows: 
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(i} The wave parameters for the_ generalized Voigt 
model B :tndicate a small disturbance of the 
wave form which rises earlier than those for 
the_ generalized Voigt model A at the same radial 
distance. 
(ii} The peak values for acceleration, velocity and 
stress are greater for the generalized Voigt 
model A than for the generalized Voigt model B. 
(iii) The pulse length as measured between the arrival 
time and the first zero crossing is longer for 
the generalized Voigt model B than for the 
generalized Voigt model A. 
Discussion and Conclusions 
The responses to unit impulse forcing functions in 
both models are useful for obtaining the wave parameters 
for other forcing functions by means of convolution. 
They also represent the filter response of the visco-
elastic material and their characteristics in frequency 
domain can be studied and compared with real waves. However, 
these responses cannot be used to directly compare with 
real waves, because the source model of a unit impulse is 
not obtainable experimentally. 
It was found that the rate of attenuation of peak values 
for velocity, acceleration and stress are different for 
different forci~g functions of the same maximum amplitude in 
the same model. This is because the viscoelastic model 
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displays dispersive characteristics and its wave attenuation 
is frequency-dependent. Therefore, different forcing 
functions composed ot different trequency components would 
exhibit different attenuation rates. 
The asymptotic behavior of displacement and strain at 
t=oo indicates that the particles in these two models move 
like viscous fluids. Furthermore, the particles never 
return to their original position. Hence, the correlation 
between the wave parameters in the generalized Voigt models 
A and B and real waves as given in Appendix F indicate that 
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Figure 7. Displacement vs. time in generalized Voigt Models A and B for a 
dual exponential pressure pulse, ~ = 60, a= 240, w2 = 600, 
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Fig~~e 8. Displacement vs. time in generalized Voigt 
Models A and B for a unit impulse pressure 
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Figure 9. Velocity vs. time in generalized Voigt 
Model.s.A. and B for a dual exponential pressure 
pulse, ~ = 60, a = 240, 002 = 600, 003 = 002' 
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Figure 10. Particle velocity vs. time in generali1ed 
Voigt 11~-l.s~A~-@c.t ~ , .fQ~~ ~~: unit _ i_~puliJe _ 
pressure pulse, o(t), w2 = 600,- w3 = w2' 
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Figure 11. Acceleration vs. time in generalized Voigt Models A 
and B for a dual exponential pressure pulse, a = 60, 
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Figure 12. Acceleration vs. time in generalized Voigt 
Models A ana B for a unit impulse, ~(t), 
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Figure 13. Strain vs. time in generalized Voigt Models A and B for a dual 
exponential pressure pulse, a = 60, S = 240, w 2 = 600, w3 = w2 , 
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Figure 14. Strain vs. time in generalized Voigt Models 
A and B for a unit impulse pressure pulse, 
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Stress vs. time in generalized Voigt Models 
A and B for a dual exponential pressure pulse, 
a = 60, S = 240, w2 = 600, w3 = w2 , w4 = 2w 2 • 
45 





generalized Voigt Model A 
~1 
7 generalized Voigt Model B 
6 
5 










' 2 ,. 
R=2 
-1~----~------~------~------~------L-----~ 
0 2 4 6 
T = w t 0 
8 10 12 
Figure 16. Stress vs. time in generalized Voigt· 
Models A and B for a unit impulse pressure 
pulse, o(t), w2 = 600, w3 = w2 , w4 • 2w2 • 
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Figure 17. Particle velocity vs •. time in generalized Voigt Model A 
for a dual exponential pressure pulse, a = 60, e = 240, w2 = 600, 
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Strain vs. time in generalized Voigt Models A for a dual 
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Figure 19. Stress vs. time in generalized Voigt 
Model A for a dual exponential pressure 
pul.ae, a = $0, $ = 240, w2 • 600, 1200, 
2400 1 wf .. = 'ti;~ w4 = 2w2 • 
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Figure 20. Displacement vs. time in generalized Voigt Models A and B 
for a single exponential pressure pulse, n = 60, w2 = 600, 
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Figure 21. Particle velocity vs. time in generalized 
Voigt Model• A and 8 for a single exponential 
pre•aQre pulae, a • 60, w2 • 600, w3 = w2 , 
~· • 2w2 • 
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CHAPTER IV 
TRANSIENT SPHERICAL WAVES IN FOUR-ELEMENT 
AND SIX-ELEMENT MODELS 
Introduction 
Transient spherical waves in the general 4-element and 
6-element models are investigated in this chapter. The 
stress-strain relationship for both models can be expressed 
as 
E - t(Ek ; nkD) 0 
k = 3 
where L = 4, for the 4-element model and L = 5 for that of 
the 6. Equation (49) is rearranged similar to equation ( 5) 
and the pk·and qk coefficients for both models assume the 
forms given in Appendix A. These depend only on the elastic 
and viscous constants. 
As the purpose of this investigation is to determine 
the significant properties of spherical wave parameters, the 
effects of the elastic and viscous constants on these are 
studied. 
For comparative purposes the chosen values for a and 
B in the single and dual exponential pressure pulse and 
.the normalizing factor applied to the wave parameters in 
the plotted figures are the same as those given in Chapter 
III. The damping coefficients are those defined as Ek/wk 
in Chapter III. The wk's chosen have values of 600, 
1200, 1800, 2400 and 3600. These values are chosen 
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primarily to. give an understandi~g of how various dampi~g 
coefficients affect the wave ~arametera, and no attempt 
is made to relate tne values of wk with any particular 
real material. 
The significant wave parameter features obtained 
from this theoretical investigation, as well as from 
close-in earth motion measurements, are attenuation of 
peak values, pulse duration and pulse rise time. Because 
the velocity and acceleration waves have more than one peak, 
the first peak only is analyzed in this study. It will be 
seen that there is an early arrival of wave fronts on all 
wave parameters in the 4-elernent and 6-element models. 
The measurement of pulse duration and rise time is measured 




Figure 22. Definition of pulse duration, rise 
time, peak and effective arrival 
10 
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The latter is defined as the time at which the amplitude 
is in excess of some arbitrary chosen value. The defina-
tions utilized are illus.trated in Figure 22. 
Four-Element Model 
This model consists of two Voigt elements connected in 
series and the strain-stress relationship for this model 
is given in equation (49) with L = 4. When E3 = E~ = Eo 
and n3 = n~ = no the 4-element model degenerates into that 
of a Voigt. Therefore, at least one of the coefficients 
of each element is considered to differ from its other 
element counterpart. 
The terms on both sides in equation W9 ) are rearranged 
into a form similar to that of equation ( 5 ) • The chosen 
values of E3, E~, n 3 and n~ are substituted into the 
coefficients Pk and qk as given in Appendix A and the latter 
into equations (26) through (3o) and equation (35) • 
The wave parameters are determined by means of the numerical 
inversion described in Chapter II. 
Figures 23 through 27 represent the responses of the 
4-element model to a dual exponential forcing function 
while those generated by a unit impulse and single exponen-
tial forcing functions are shown in Appendix G. Hornsey 
(54) showed that of the unit impulse, single and dual 
exponential forci~g functions, the latter is more compatible 
with observed phenomena. Consequently, the investigation 
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of the 4-element model and all other related models will 
be concerned with. the response of th.i.s forcing function. 
The most significant difference between the wave 
parameters for 4-elernent model and those of the. generalized 
Voigt models A and B is that the displacement and strain 
for the former approach zero as time approaches infinity, 
while for the latter, they asymptotically approach a non-
zero limit. Therefore, the areas below the displacement and 
strain curves for-the generalized Voigt models A and B, which 
can be found by taking the limit as s approaches o+ in 





(X) f u(t) dt = oo 
E (t) 
below u(t) and E (t) for 4-element 
(X) f u(t) 5 (! - ~) ~ r s dt = 4 q?-
0 0 
(X) 
f E (t) 5 (!- ~) ~ • dt = 2 r 
These features can also be seen from Figures 3 
model are 
through 6 
in which the values of f(s) at s = o+ give the area below the 
u(t) and e(t) curves. Another striking difference between 
the two models is the more oscillatory nature of the parti-
cle velocity, acceleration, and stress of the 4-element 
model. This can be illustrated by comparison with the 
particle velocity of the generalized Voigt models A and B 
and 4-elernent model. For the former, the pulse duration 
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of particle velocit:r:r is infinite while £or the latter, it 
is finite. Consequent!¥, the 4..-element model better simulates 
close-in earth motion. 
The most significant feature of the wave parameters 
in the 4-element model is the attenuation of the peak values 
with distance. In figures 28 through 32, the peak values 
of each wave parameter are plotted with travel distance r 












of the wave parameter, 
(50) 
Equation (50) indicates that all the 4-element wave parameters 
have a constant rate of attenuation of peak values with 
radial distance. It is noted that the values of n are 
dependent upon the forcing function and properties of the 
model. For the particular example in figures 23 through 27, 
the values of n for the 4-element model are found to be 
-1.7, -1.8, -2.4, -2.3 and -2.1 for the displacement, 
particle velocity, acceleration, strain and stress respec-
tively. The effect on n by changing the damping coefficients 
in the model i.g·,discussed later. 
In addition to the attenuation of peak values with 
distance, the wave pa;ameters in the 4-element model also 
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reveal pulse lengthening with radial distance. In Figures 
24 and 25, pulse duration for velocity and acceleration is 
found to increase with distance. However, because of ar-
bitrarily defined effective arrival, it is difficult to 
exactly relate pulse lengthening to distance and thus no 
mathematical relationship between them can be obtained. 
A Comparison with Voigt Waves 
A comparison of the wave parameters in 4-element and 
Voigt media for one value of radial distance (R=l) is given 
in Figures 33 through 37 • The wave parameters for both 
models have the same general shape, and significant similari-
ties are: 
(i) pulse lengthening with travel distance, 
(ii} early arrival of wave fronts, 
(iii} constant rates of attenuation of peak values with 
distance because the 4-element model contains one Voigt 
element which is equal to the Voigt model. 
The wave parameters of the two models differ in some 
respects. The pulse duration is greater for the 4-element 
than that of the Voigt model but the Voigt waves have an 
earlier eftective arrival. Finally, the peak values of the 
Voigt wave parameters are found to decay at a greater rate. 
U'igures 33 through 35 ) • 
The Influence of Damping Coefficients 
The wave parameters for a set of particular chosen 
component parts on the model were investigated only. However, 
a more. general analysis. of thi~ model can be performed 
by consider~g the ef;fects of cha~gi~<;J the properties of 
dashpots and spri~gs. 
If 114 in equation (49 l approaches infinity and E 3 , 
E4, n3 remain constant, the following equation results 
E = 1 (51) 
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which is the strain-stress relationship for the Voigt model. 
Hence, as rt4 approaches infinity or W4 goes to zero, the 
4-element model transforms into a Voigt model. If, on the 
other hand, rt4 approaches zero or W4 goes to infinity, and 
E3, E4, n 3 remain constant equation (49) reduces to 
(52) 
which is the strain-stress relationship for a 3-element 
model consisting of a Voigt element connected in series 
with a spring.· Consequently, the strain-stress relation-
ship for the 4-element model is between those of the Voigt 
and the 3-element models, if only rt4 is varied. 
The peak values of the wave parameters of the 4-ele-
ment model increase with increasing W4 and approach those 
of a 3-element model as W4 becomes infinite. Conversely, 
they decrease with decreasing w4 and approach those of Voigt 
waves. 
An increase of W4 delays the effective arrivals in the 
4-element model. A comparison of the effective arrivals in 
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Voigt, 3-element and 4..,.elemen:t models shows that the Voigt 
has the earliest while the 3-element model has the latest 
and most abrupt. 
The pulse length for the particle velocity and accelera-
tion in the 4-element model decreases with increasing W4, 
but is always greater than that of the 3-element model. 
This is illustrated in Figures 34 and 35 • 
The rates of attenuation of the peak· values for all 
wave parameters in the 4-element model are found to be 
constants with values varying in the range between those 
of the Voigt and 3-parameter models. These rates decrease 
with increasing W4. (Figures 28 through 33 ). 
The Influence of the Elastic Modulus E4. 
If Es, ns, n4 remain constant and E4 approaches zero, 
equation (49) becomes 
(53) 
which is the strain-stress relationship of a Voigt element 
connected in series with a dashpot and will be referred to 
as 3-element model A. 
If E4 goes to infinity, equation (49) becomes 
Es + n2D e: = 
1 (54) 
which is the strain-stress relationship for a Voigt model. 
Therefore, when E3 , n3 , n4 are held constants and E4 is 
varied in the range between zero and infinity, the strain-
stress relationship for the 4-element model will vary 
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between the Vo~gt model and the 3-element model A. Com-
parisons of waves in 3-elernent model A and 4-elernent model 
with various values of E4 and one value of radial distance 
(R=l) are given in Figures. 38 through 42. 
All 4-element wave parameters except stress show that 
their peak values increase as E4 decreases, until they 
approach those of 3-elrnent model A. It can be seen that 
the variation of E4 has the largest effect on the change 
of peak values of displacement and strain, and the least 
effect on the stress. Another effect on the peak values by 
changing E4 is that the wave parameters with the smaller 
E4 's decay more rapidly than those with a larger E4• 
A striking result of varying E4 is found by examining 
the wave shapes. The displacement and strain for all values 
of E4 except zero approaches zero asymptotically at t = ~, 
but if E4 equals zero the displacement and strain increases 
with time and approaches a non-zero limit. The particle 
velocity also varies significantly with a change in E4• 
When E4 decreases, the pulse length of the particle velocity 
of the 4-element model increases in such a manner that, 
at E4 = 0, the pulse length becomes infinite i.e. the 
particle velocity does not cross the T-axis but approaches 
zero asymptotically. Finally, the pulse length of accelera-
tion increases with a decrease of E4• When E4 F 0 the accelera-
tion oscillates twice above the T-axis but only once at 
E4 = 0 (Figure 40). Such a variation of wave forms as E4 
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varies: ·from infinite to zero indicates that the 4-element 
model varies in behavior from that of a solid to that of 
a liquid. Finally, the rate of attenuatien of peak values 
increases as E4 decreases. 
· Six•el'ement Model 
The 6-element model consists of three Voigt elements 
connected in series and the strain-stress relationship for 
this model is. given in equation ~9) with L = 5. The 
coefficients pk' s and qk' s in equation ( 5) for the 6-
element model are given in Appendix A. Substituting these 
first into equations (36 ) then into (26) through (30 ) , the 
wave parameters for the 6-element model are uniquely deter-
mined. (Figures 43 through 47 ). 
Wave Parameters as a Function of the Damping Coefficient ns 
If Es, E4, E5 , n 3 and n4 are held constant and ns 
approaches zero, equation (49) becomes 
E=( 1 + 1 + Es + nsD E4 + n4D is) a (55) 
which is the strain-stress relationship for a 5-element 
model with two Voigt elements connected in series with a 
spring. When ns approaches infin;i.ty, equation (49) becomes 
the strain-stress relationship for the 4-element model. 
The strain-stress relationships in equations (49), 
(55), uniquely determine the waye parameters for the 
6-element, 5-element, and 4-element models respectively. 
These are expressed by equations (26) through (30). As 
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Ws increases the followi~g phenomena are noted 
(i} An increase of the peak value$ of all wave 
parameters, and earlier occurrence of peak 
values, 
(ii) A delay of effective arrival, 
{iii) A decrease of pulse length in particle velocity 
and acceleration, 
{iv) A decrease of rates of attenuation of peak values 
As ws approaches infinity, items i) through iv) are 
bounded by those corresponding to 5-element models. 
Wave Parameters as a Function of the Elastic Modulus E5 • 
If all components except Es in the model are held 
constant and it approaches zero, equation (49) is of 
the following form 
.,.. = (Es 1 + 1 + L) cr (56) ~ + nsD E4 + ~4D - nsD 
which is the strain-stress relationship for generalized 
Voigt model B in Chapter III. If Es alone goes to infinity, 
equation (49) takes the form of the equation for the 4-
parameter model. Therefore, the model behavior as Es 
varies from zero to infinity implies that the wave parame-
ters of the 6-element model behave between that of the 
4-element solid and generalized Voigt model B. 
A decrease of Es in the 6-element model causes the 
wave parameters to change as follows: 
(i) the peak values and pulse lengths increase 
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(ii} the rate of attenuation of peak values decreases, 
(iii} the' ·occurrence of peak Yalues is delayed 
Compari·son with the 4-El·ement Model 
Curves showi~g the waves generated by a dual exponen-
tial forcing function as function of time are plotted in 
Figures 43 through 47 where w3 = w0 , w .. = 2w 0 , w5= 3w 0 • 
Comparison of the waves in these figures with those for 
the 4-element model show that they have the same general 
shape. However, they do differ in some aspects. These 
differences are illustrated by comparison with the wave 
.parameters. generated by a dual exponential forcing function. 
The peak values of the wave parameters are always 
less for the 4-element model than for the corresponding 
ones in the 6-element model; however, the peak values in 
the 4-element model occur earlier. 
The waves of the 4-element model have an earlier effec-
tive arrival than the corresponding arrivals for the 6-
element model, but the pulse durations for particle velocity 
and acceleration are less. 
The rates of attenuation of peak values are less for 
the 6-element model than the corresponding rates for the 4-
element model. For example, the values in Figures 43 through 
47 are found to be -1.55, ~1.6, •2.3, -2.2 and -2.0 for 
displacement, particle velocity, acceleration, strain and 
stress respectively, compared to -1.7, -1.8, -2.4, -2.3 and 
-2.1 for the 4-element model. 
63 
Compari$on with. .Real Waves 
The purpose of the invest;L9ation in this chapter is 
to determine the properties of the spherical wave parame-
ters in the 4-element and 6-element models and to compare 
them with the real waves obtained in rocks from explosions. 
Duvall (55), Duvall and Atchison (56) and Duvall and 
Petkof (57) observed the strain wave pulse close to the 
charge and reported attenuation for peak strain in the 
range of -1.5 to -2.5 depending upon rock type. The observed 
strain wave shape exhibits the-following characteristics 
(Appendix F); (a) for short travel distance, strain con-
sists of a single pulse, (b) as the distance from the charge 
increases, the strain pulse exhibits an oscillating nature 
hhat increasesgwith travel distance and (c) the pulse 
length increases with distance. The strain waves in the 
4-element and 6-element models discussed previously were 
shown to have similar characteristics to those mentioned 
above. Moreover, the 4-element model with ws =wo and 
W4 = 2wo gives an attenuation rate of -2.3, and the 6-
element model with w3 = wo and W4 = 2wo;,ws = 3wo gives 
a rate of -2.1 out to radial distances of five cavity 
radii. Both rates are within the range of those of real 
waves. 
The particle velocities of real waves_ generated by 
explosions were observed by Duvall (58}, Murrell (59). 
' Sauer, et al, ~0) and Swift and Wells (61). The 
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comparison between the typical experimentally recorded 
particle velocity ~ppe.ridix l'l and the computed particle 
velocity in the 4-.element and 6-element models show: that 
they have similar wave shapes at distances close to the 
source. Duvall found that the rate of attenuation of 
peak particle velocity in limestone averaged -1.47 while 
Swift found a rate of -1.9 for tuff. The 4-element model 
with wa = Wo gives a decay rate of -1.8 which is comparable 
with that of tuff, and the 6-element model with W3 = Wo, 
and wa. = 2wo gives a decay rate of -1.6 which is comparable 
with that of limestone. 
Observations of explosion generated acceleration in 
rocks were made by Murre! (62) and Swift et al (63). The 
typical observed accelerations (Appendix F) are similar in 
shape to those of the 4-element and 6-element models. The 
decay rates of peak acceleration in different rock close 
to the source were found to be in the range between -3.5 
to -3.0. The 4-element and 6-element model give attenua-
tion rates of -2.4 and -2.3 respectively for the components 
W3 = 2w 0 , and w5 = 3w 0 • Larger attenuation rates would 
require large values of the damping coefficient in order 
to compare favorably with those of real waves. 
After comparing the Vo~gt waves with the observation 
by Sauer et al {64), Hornsey (651 found that Voigt waves 
exhibit a correlation with real waves at intermediate radial 
distance in regard to the rates of attenuation and pulse 
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lengtheni~g. The difficulty in correlating Voigt waves 
with real waves is: the earlier arrival of Voigt waves and 
the more rapid increase of the amJ?litude o! real waves. 
Such a difficulty can be eliminated in the 4-element 
and 6-element model by choosing a small value for the 
damping coefficient (large W3 1 W4, ws) of the model. 
Thus, a decrease of one of the damping coefficients would 
result in a delay of effective arrival and give a more 
abrupt arrival. However, the rate of attenuation with 
distance of peak values is not decreased and is comparable 
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Figure 23. Displacement vs. time for spherical waves in a 4-element model, 
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Fiqure 24. Particle velocity vs. time for spherical 
waves in a 4-•lement model, w = 600, 
w • =.. 2w~, for. a dual exponentical pressure 
palae, (I • 60, s • 240. 
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Figure 25. Acceleration vs. time for spherical waves in a 4-element model, 
w3 = 600, w4 = 2w 3 , for a dual exponential pressure pulse, a = 60, B = 240. en 00 
lxlo- 3~-----r------.-----~------.------,------.r------r------r------, 
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Figure 26. Strain vs. time for spherical waves in a 4-element model, 
w3 = 600, w4 = 2w3 , for a dual exponential pressure pulse, 
~ = 6o, a = 240. 
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Figure 27. Stress vs. time for spherical waves in a 4-element model, w3 = 600, 
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Figure 33. Displacement vs. time for spherical 
waves in 3-element, 4-element, and 
Voigt models for a dual exponential 
pressure pul.se,::a = 60, e = 240, R=l, 
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Fi9ure 35. Acceleration vs. time for spherical 
wavea ia 3-element, 4-element, and 
Voi9t models for a dual exponential 
preaaure pu1ae, a • 60, B = 240, R=l, 
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Figure 36. Strain vs. time for spherical waves in 
3-element, 4-element, and Voigt models 
for a dual exponential pressure pulse, 
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Fiqure 37. Stress vs. time for spherical waves in 
3-element, 4-element, and Voigt models 
for a dual exponential pressure pulse, 
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Figure 38. Displacement vs. time for spherical waves in 4-elernent model 
and 3-element model A for a dual exponential pressure pulse 
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Figure 39. Particle velocity vs. time for spherical waves in 4-element model 
and 3-element model A for a dual exponential pressure pulse a = 60, 









E4 = 0. 2 E0 I 
E4 = 2 E0 
E4 = 20 E0 
4-element 
-1~------~----~------~-------L------~----~ 0 2 4 6 8 10 12 
T = w0 t 
Figure 40. Acceleration vs. time for spherical waves in 
4-element model and 3-element model A for a 
duaL exponential pressure pulse,· a= 60, 
B • 240, w3 = w4 = w0 , E3 = E0 • 
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Figure 41. Strain vs. time for spherical waves in 
4-element model and 3-element model A for 
a dual exponential pressure pulse, a = 60, 
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Figure 42. Stress vs. time for spherical waves in a 
4-element model and 3-element model A for 
a dual exponential i~$S'I:!-r§!l .pulse, ex = 60, 
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Figure 43. Displacement vs. time for spherical waves in a 6-element model, 
w3 = 600, w4 = 2w3 , w5 = 3w3 , for a dual exponential pressure 
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Figure 44. Particle velocity vs. time for spherical waves in a 6-element model, 
w3 = 600, w4 = 2w 3 , w5 = 3w3 , for a dual exponential pressure pulse, 












0 2 4 6 




Figure 45. Acceleration vs. time for spherical waves 
in a 6-element model, w3 = 600, w4 = 2w3 , 
w5 • 3w3 , for a dual exponential pressure 
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Figure 46. Strain vs. time for spherical waves in a 6-element model, 
w3 = 600, w4 = 2w3 , w5 = 3w3 for a dual exponential pressure 
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CHAPTER V 
PLANE WAVE DISPERSION AND ATTENUATION EXPONENTS 
OF THE FOUR AND SIX-ELEMENT SOLIDS 
Introduction 
91 
Experiments and theoretical work concerning the rela-
tionship of frequency to wave attenuation in rocks masses 
have been studied by a large number of workers. Ricker (66) 
developed a theory which stated that, for the low frequency 
region of normal seismic work, attenuation is proportional 
to the square of frequency and velocity is constant. Above 
a specified frequency both the velocity of propagation and 
attenuation increase as the square root of frequency. 
Knopoff (67) suggested solid friction as a mechanism of 
attenuation, which leads to attenuation proportional to the 
first power of frequency and velocity independent of fre-
quency. 
Postma ~8) studied the change of shape of seismic im-
pulses in viscoelastic media based on the assumption that if 
a relaxation spectrum, rather than only a very few relaxa-
tion times, is admitted, a great variety of experimental re-
sults can be described by the linear theory of viscoelasticity. 
-. 
Ricker (69) conducted an experimental study of the 
prop~gation of seismic wavelets in the Pierre shale near 
Limon, Colorado, but no direct study of attenuation was 
made. However, McDonal et al QO) did obtain an attenuation 
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measurement whe,re the Pierre shale is unusually uniform. 
For vertic~lly traveli!lg spherical compres.sional waves in 
the frequency range from 50. cps to 450 cps, they obtained 
an attenuation exponent equal to 0.12 f in db/1000 ft where 
f is frequency. For horizontally traveling shear waves 
in the frequency range from 20 cps to 150 cps, their re-
sults were expressed as K. = l.Of db/1000 ft where K. is ~ 1 
the attenuation exponent. Born (7~ conducted laboratory 
experiments with bars of shale, limestone, sandstone and 
caprock, and found that attenuation was proportional to 
the first power of frequency. The addition of small quan-
tities of water, however, led to attenuation intermediate 
between the first and second power of frequency. Collins 
and Lee (72) reported experiments in a quarry sandstone 
which also indicated attenuation proportional to the first 
power of frequency. 
In the light of the evidences mentioned above the 
attenuation exponent of spherical waves in rock masses is 
a function of frequency to the first power. Some visco-
elastic models have been investigated to determine whether 
they are similar to that of common earth materials in re-
gard to this dependence of attenuation and phase velocity 
on frequency. Meidav rJ 3 ) conducted a study of the visco-
elastic properties of a standard linear solid which is a 
parallel combination of a spring and a Maxwell model. He 
also tried to match the attenuation exponent for the standard 
93 
linear solid wi~ McDonal's shear attenuation data but was 
unsuccessful. After examini~g the behavior of the Voigt 
model, Horton (74} pointed out that there are two basic 
features which cause the Voigt model to be an unsatisfactory 
representation of the earth. The first of these is the 
dependence of the attenuation exponent upon the square of 
the frequency in the low frequency range. The second is 
that the phase velocity of a periodic wave becomes infinite. 
Horton then developed a model in which a spring and a 
Voigt model were connected in series and introduced four 
relaxation times for determining the attenuation exponent. 
This agreed with the experimental value presented by 
McDonal et al. 
In this chapter, a similar study of the frequency 
depEindence of attenuation and dispersion for the 4-element 
and 6-element solids will be made and comparison with the 
pUblished experimental data on the attenuation exponent 
by McDonal et al will be presented. 
Attenuation Exponent and Phase Velocity-Plane Wave 
The strain-stress relationship for the 4-element model 
as given in equation (49) is 
(P1 D +Po) CI = (q2 D2 + q1 D + qo) € (57) 
To derive the plane wave equation, equation (57) and 
the following relationships are used. They are 
(i} The strain-displacement relationship is 
and 
au 
e; = ax 
{ii) Newton's second law 
2 
aa a u 
ax = P at 2 • 
If equation (57) is differentiated with respect 





p a 3 u + p 0 3 2u = 1/q2. ·3 4 u + q 1 3 3 u + q 0 o2u) {60) 
1 w atT p \ . ax 2at2 ax 2at atT 
Let Es/ns = ws, E4/n4 = w4, andEs = E4 =E. This results 
in Po = 2ws W4, Pt = Ws + W4, q2 = 1, q1 = EPt and 
qo = i EPo. 
Equation (60) is rewritten as 
Pl asu + Po a2u = c2( a4u 
w w ax 2at 2 
where C 2 = E/p. 
(61) 
A solution u = u ei (wt - Kx) is assumed where w is angular 
0 
frequency and K is the complex wave number. Equation {60) 
becomes 
ip1 oo' + po oo 2 = C2 [ ( -oo2 + ~ Po) 
Hence 
pe + iplw = w2 
<l ~ 0 w2 i + ip1w c 2 
1 
~o (~ po - oo 2 ) + PI 2 .,• - i (~ Po PI"' + PI .,•~ (62 l 
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Let 
K = .Kr + iKi 1 
. g = ·.w2 . ·Po. ('f.pa."':".w2l+ p~.w2 
. 2 (L 2 2 2 ·2 




Equation (62) can then be rewritten as 
. g - ih = (Kr + iKi) 2 
= K 2 K. 2 + 2i Kr K .• r - ~ ~ 
(65) 
Equating the real and imaginary parts on both sides of 
equation (65) gives 
and 
. 
g = K - K. 2 r ~ 
h = -2K. K .• ~ ~ 
(66) 
(67) 
Equations (66) arid (67) are solved for Kr and Ki which are 
and 
K 2 
= ~ [g ± (g2 + h2>~] r (68) 
Ki 2 = ~ L-g ± (g2 + h2>~]. 
In order for K. to be real, only the positive value 
~ 
of the radical is considered. The phase velocity is given 
by 
(70) 
and the attenuat; on ;s · b -K.x 
... -+-- g,J.ven ¥ e 1. , where K. is the 
1. 
attenuation exponent in nepers )?er unit diatance. 
By the same process, K and K._ tor the 6-element 
r . 1. 
model can be found and from these. g and h are obtained. 




P29300 5 + (Pl92- P291- poqa)W 3 + {Eo91 - Pl9o)oo n2 ) 
Cq2w2 - qo) 2 + {qsw 3 - q1oo) 2 
where 
po = 3 wa 004 oos = 3qo 
and 
qs = 1 . 
Attenuation Exponent 
The attenuation exponent Ki for the 4-element model 
given in equation ~9) has-units of nepers per unit distance 
and its values as a function of angular frequency 2~f for 
Various values of 003 and W4 are shown in Figures US) 
through (50) • For the values of W.s = 100 and 004 = kws, 
Where k = 1,2,4,6,8,10 in Figure (48} the value of Ki 
varies from 0 to 0.5 in the range of 21Tf from 0 to 4000 rps 
which is of interest in seismic work. The characteristics 
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of the variation of Ki vs 27T.f in the 4-element model can be 
seen from ·Figure 48 for k = 1,2,4 in which Ki increases from 
0 to a maximum, then decreases as 2'1tf increases. The maxi-
mum of Ki fo.r. greater Wit will shift to la:rger value of 27Tf. 
When the values of w3 increase to 1000 and Wit = kwa for 
k = 1.2, 4, 6, 10 as shown in Figure (49), the curves of 
Ki vs 27Tf still vary non-linearly for 27Tf in the range from 
0 to 4000 rps. When the ratio k = W4/Ws increases, the 
curves gradually become approximately linear in the range 
of 27Tf considered. If wa and W4 are increased as given in 
Figure (SO) the curves of K. vs 27Tf approximate a linear 
~ 
function which can be expressed as 
K. = it!:., 27Tf ~ . (73) 
where m is a constant. Its value in Figure (50) varies 
from 0.0703 for k = 1 to 0.0038 for k = 10. 
In Figure (SO) where wa is held constant, but W4 is 
varied the effect of the change of the ratio k = Witfwa upon 
the slope of the curves is illustrated. It is of interest 
to note when w3 = 10000 and Wit = 3wa K. = 0.015 27Tf db/unit ~ 
distance. 
If the following relationships are used i.e. 
1 neper = 8.686 db 
and 
f = w/21T 
equation (73) can be expressed as 




This value is the same as tha,i: .tor the vertically traveli~g 
compressional w:ave in McDonal•a experiments with Pierre 
shale. 
The curves displayi~g Ki as a function of angular fre-
quency 27Tf for the 6-element model are shown in Figures 
(51) through {53). These curves exhibit a behavior similar 
to those for the 4-element model for corresponding values 
of 003 and 004. However, the attenuation exponent k. in the 
l. 
6-element model has a greater value than that of the 4 at 
a fixed angular frequency. The attenuation exponents Ki' 
which vary linearly with 27Tf are also shown in Figure G3) 
for ooa = 10000, oo 4 =.2oos, oos = koos fork= 3, 4, 6, 8, 10 
in the frequency range below 4000 rps. For the 6-element 
model with oo 3 = 1000, 004 = 2ws and oos = 5.3oos, the relation 
between Ki and 27Tf can be expressed as Ki = 0.12 f db/1000 ft 
which again is the same result obtained by McDonal et al. 
Other combinations of transition frequencies which give 
the same linear relation between K. and 27Tf as in equation l. 
04) and for the 4-element and 6-element models are 
oos = 20000, and oo 4 = 15000 for the former, and oos = 20000, 
004 = 2oo 3 , oo 5 = 2.lw, for the latter. 
Therefore, if one properly chooses values of oos, W4, 
and oo 5 for these two models, theoretical curves of Ki vs 
2wf whicn fit the experimental data can be obtained. 
This can also be illustrated by another attenuation factor 
for the horizontally-traveli~g shear wave in the Pierre 
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Shale.· McDonall et al found that ~th.e attenuation exponent 
in the Pierre Shale .for ~hear wave~ in the ;frequency ra~ge 
20..-125 cps can be expressed as Ki ;= 1.0 f db/1000 ft. 
The choices of ws and W4 in the 4-element model which 
.give the same relation of K. to 2~f are w3 = 2000, and l. 
W4 = 2w3 and in the 6-element model, the choices of w3 , 
W4 and ws are wa = 1000, W4 = 2wam, and ws = 6wa. 
Dispersion 
The phase velocity Vph for the 4-element and 6-element 
models is expressed by equation 09), However, the quantity 
to be investigated concerning dispersion in the models is 
the ratio of vph and c, where C2 = E/p. Tha ratio of vph 
and c will be defined as Vr' i.e. Vr = Vph/C. 
From equations (63), (64), (71), (72) and (68) it can 
be found that vr is a function of the angular frequency 
2~f, and as 2~f approaches zero, Vr will be equal to 1/12 
for any Ws 1 W4·t.· Ws in the 6-element model. Conversely r 
as 2~f approaches infinity, vr for both models becomes in-
finite which is also true for the Voigt model. This infinite 
phase velocity for an infinite frequency can be used to 
illustrate the phenomena of early arrivals of the transient 
spherical waves at any radial distance in the 4-element 
and 6-element models as well as in the Voigt model. If 
the pulse has a finite time duration, it will have an in-
finite frequency spectrum. TheB-e infinite frequencies . 
181449 
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prop~9ate intinitely fast and thus. yield an early arrival 
of wave fronts for all wave pa~amete;rs in the 4-element 
and 6-elernent models. 
Fi9ure (54} illustrates Vr vs 2nf in the range below 
4000 rps for the 4-element model based upon the values of 
oos = 100, 004 = koo3 fork= 1, 2, 3, 4. The curves of V r 
indicate that Vr increases with an increase of 2nf. The 
variation of Vr for k=l is increased nearly 783 per cent 
from 2nf = 0 to 2nf = 4000 cps. However, an increase of k 
reduces the variation of Vr vs 2nf as shown in Figure (55). 
Figures (55) and (56) indicate that, when both oos and 004 
increase, the variation of Vr vs 2nf decreases. This im-
plies that the greater oo 3 and 004 (lower viscosity) the less 
dispersive is the 4-element model. For example when 003 = 1000, 
004 = 5oos the variation of v from 2nf = 0 to 2nf = 4000 cps 
r 
is 10.2 per cent, but when oo 3 = 10000, 004 =2w3 the variation 
of Vr is only 0.08 per cent. 
The curves of v vs 2nf for the 6-element model are 
r 
shown in Figures(57} and (58). These curves exhibit the 
same properties of dispersion as those for the 4-element 
model. However, the variation of Vr vs 2nf for the 6-
element model is. greater than that for the 4 having corre• 
spending values of oo 3 and 004. When W3 ~ 10000, W4 = 2ws, 
and oos = koos for k = 3, 4, 5, 6, the variation of Vr vs 
2nf is so small that the phase velocity V for the 6-element 
model is 0.707c. Hence for values of wsr W4 and ws for 
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which attenuatLon exponents vary linearly with frequency, 
it can be .found that the phase velocity for the 4-element 
model is. greater than that of the 6. 
Discus·sion and Conclusion 
Although there are no experimental data about disper-
sion with which to compare the aforementioned results, it 
is of interest to point out that the values of ws, W4 and 
Ws in the models required by the variation of phase velocity 
should be compatible with those obtained for the attenua-
tion data. From the investigation of the 4-element and 
6-element models, the attenuation exponent varies linearly 
with frequency and the dispersion varies no more than a few 
per cent in the freqnency range below 4000 cps, provided 
the values of w3 , w4 and w5 are chosen to be greater than 
4000. Hence the utilization of these models for repre-
senting attenuation and dispersion characteristics of some 
earth materials seems valid. 
In the 4-element and a-element models the phase velocity 
at infinite frequency indicates that all points in these 
models would have instantaneous transmission of a distur-

















0 4 8 12 16 20 24 28 32 36 
21Tf hundred rad/sec. 










~· 0.6 § 






0 4 8 12 16 20 24 28 32 36 
21Tf hundred rad/sec. 





8 12 16 20 24 28 32 36 
2nf hundred rad/sec. 






















0 4 8 12 16 20 24 28 32 36 
27Tf hundred rad/sec. 
..... 




















0 4 8 12 16 20 24 28 32 36 
21Tf hundred rad/sec. 



















k = 6 
0 4 8 12 16 20 24 28 32 36 
2nf hundred rad/sec. 







k = 3 
k = 4 
oL_ __ ~----~-----L----~----~----~--~~--~----~ 
0 4 8 12 16 20 24 28 32 36 
2nf hundred rad/sec. 







0 4 8 12 16 20 24 28 32 36 
2nf hundred rad/sec. 




30 k = 
20 
10 k = 4 
0 4 8 12 16 20 24 28 32 36 
2nf hundred rad/sec. 







0 4 8 




k = 3 
k = 4 
k = 5 
k = 6 
20 
hundred rad/sec. 
in a 6-element model, w3 
24 28 32 36 





ATTENUATION CHARACTERISTICS OF SPHERICAL WAVE 
PARAMETERS AS DETERMINED BY .FOURIER TRANSFORMS 
Fourier Transform 
113 
Another method of determining attenuation as a function 
of frequency is by means of the Fourier transform. In 
Chapter II, it was shown that under certain necessary condi-
tions the Lapiace transform solutions for all wave parameters 
of the 4-element and 6-element models can be made equal to the 
Fourier transform solution by setting s = iw. 
The results shown in Chapter IV indicate that those 
wave parameters generated by unit impulse, single and dual 
exponential forcing functions are aperiodic. Therefore their 
Fourier transforms are continuous functions of the angular 
frequency w and are in general complex. It follows that f 
(w) can be separated into real and imaginary parts, i.e. 
f(w) = f (w) + if. (w). (75) 
r 1 
The amplitude density spectrum of f(t) is then 
(76) 
and the phase density spectrum is 
o(w) 
ri (w) 




Althoughjf(wll dw in equation (76} has an infinitesimal 
value,j f(w)l is finite and simply indicates the relative 
magnitude of each of the frequency components. From the 
amplitude density spectra calculated for various distances, 
attenuation as a function of frequency can be determined. 
The transform solutions analyzed are those obtained 
for the unit impulse forcing function. The Fourier transform of 
the applied unit impulse is constant in the frequency domain. 
Thus the response of the models to a unit impulse will not 
only show the frequency content of the wave parameters, but 
also how attenuation varies with frequency. By setting F(w)= 
1 and s = iw in equations (26) through (30), Fourier transform 
solutions of the wave parameters resulting from a unit impulse 
forcing function are obtained. These are complex and can be 
written in polar form as 
(78) 
It is recalled that the behaviors of the·wave·parameter 
are determined uniquely by stress-strain relationship, or W2 (iw). 
In the frequency domain, w2 (iw) becomes 
W2(iw) = P{iw) = W (w) 
0 (iw) r 
= jw2 (iw>l eie 
Where 









p . (q .. - q2w2) + Plqlw2 b 0 0 . 
p q -
= b 0 0 
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(81) 
- P q iw4 1 3 
It was shown by Flugge (73) that for all models Wi(w) 
should be less than zero so that the energy lost in wave 
propagation is greater than zero. Consequently, e1 of 
equation (80) must always be located in the fourth quadrant, 
i.e. 3'11'/2< e1<27T. In the transform s.olutions the exponent 
~gument contains W(iw) and assumes the form 
(83) 
Thus e2 has two values which are a1;2 and e1/2 + n. In order 
• 
to prevent the amplitude spectrum from increasing exponentially, 
62 = 61/2 + 1T is chosen. As an example the displacement 
derived in Chapter II is chosen. Its amplitude density 
spectrum is written as 
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- . -wl W2'iwlll/2 (~1 .+ .31f.) 
lu(r,w)l =j~(iwliiMI e · · \. cos 2 .. {r - ro)/cl 
L 
where 
and ILI=IL!ei~3 .. 
Its phase spectrum is 
e = e1 + e2 - e3 - wjw2 (iwll 112 sin(61 + Jv)<r- r )/c • 2 0 1 
The phase and amplitude density spectra for other wave 
parameters are similar in form to equation (84) except for 
the quantityiM!ei62. 
An examination of the relative magnitude of each 
frequency component of the spectra for different values of 
r shows amplitude attenuation. In order to measure the 
attenuation as a function of frequency, an expression for 
attenuation is assumed. This is 
(84) 
-K'r f(w) = C(r,w} e 
(85) 
or an equivalent form 
where 




and c = constant. 
0 
The equivalence of equations (85} and (86) is shown as 
follows: 
{86) 
if at r = 
r = 
assume 
cl ~ c2 ~ c3. 






K. = (ln u1r 1 - ln u2r 2) + (lnc2 - lnc1) ~ 
r2 - rl 
K. = (ln u1r 1 .... ln u2r2) + (lnc3 - lnc2) 1 
r3 - r 2 
calculations show that 
K 
i 
= ln u1r 1 - ln u2r 2 = 
r2 - rl 
ln u2r 2 - ln u3r 3 
r3 - r2 
lnc2 - lnc1 = 0 or c 2 = c 1 
lnc3 - lnc2 = 0 or c 3 = c 2 
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(87) 
The reason for assuming such a form of attenuation which 
includes both an attenuation exponent K. and geometrical 1 . 
spreadi~g 1/r is that the wave parameters considered are 
spherical. Equation (87) is then used for calculating the 
attenuat·ion. 
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Some Numerical Results 
The amplitude density spectra for s.everal dampi~g coeffi-
cients at various distance and pertaini~g to the 4 and 6 
element models are shown in F~gures 59 through 63. These 
damping coefficients are chosen only for explaining the 
effects on spectra and attenuation. The characteristics of these 
spectra indicate that the main frequency bands which contri-
bute the most significantly to the wave parameters are those 
with their highest frequency less than 1000 rps. Another 
characteristic is that the amplitude components decrease 
with an increase of angular frequency. 
The attenuation versus frequency curves were calculated 
according to equation (87} and utilized information contained 
in Figures 59 through 63. The abscissae include only those 
frequencies up to 600 cps because, as mentioned previously, 
this band is not only the most significant but also is of 
seismic interest. The displacement attenuation reveals 
that it increases with frequency. For w3 = 1000 and w4 = 
2000 to 8000, which are required in simulating the real wave 
studied in chapter IV, the attenuation increases approximately 
linearly with frequency (Figure 64). However, for w3 = 1000 
and w4 ~ 20,000 or more, it increases with frequency but is 
nonlinear (Figure 65). For this range of w4 , the rate of 
attenuation increases proportionally to frequency to a power 
less than one. For e~ample, at w3 = 1000. and w4 = 20,000 the 
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attenuation increases at a rate proportional to f0.9. An 
increase also occurs in models whose transition frequencies 
are all. greater than 10 4 CF~gure 65}. Their attenuation is 
less than those with lower transition frequencies but 
proportional to fm, rn:>l, f<600 cps. An increase of transition 
frequencies in the models will decrease the attenuation for 
each frequency component (Figures 64 through 66). 
Transform solutions of velocity and acceleration differ 
from that of displacement by factors w and w2 respectively. 
Hence when equation (87) is used for calculating their 
attenuation, the same exponent Ki as displacement results 
even though their spectra appear different. 
Both strain and stress have the same attenuation and 
the attenuation versus frequency curves resemble those of 
displacement {Figures 67 and 68). However, for the same valued 
components of the models, the attenuation for strain and 
stress is. greater. 
Comparison With Real Waves 
An examination of the published data reviewed in Chapter IV 
concerning attenuation in rocks indicates a favoring of 
attenuation that is approximately proportional to frequency. 
Utilizing published and unpublished data on wave attenuation 
-3 8 
as a function of frequency in the range of 10 to 10 cps. 
Atte~;ii- ~nd--R~ana (76) inv~stig~t;d -~ttenuation and concluded 
the relationship is linear. Moreover, savage and Hasegawa 
(77) made experimental observations of attenuation in metals 
and found it to J;Je linear 
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The results based on thi.s- study indicate that particular 
combinations of dampin9 coetf~cients in the invest~gated 
models may result in an approximately linear relationship 
between attenuation and frequency for a limited range of 
frequencies. The rate of attenuation with radial distance 
is also comparable with real waves (Figure 67). The 4-element 
model with w3 = 1000 and w4 = 8000, fits the points obtained 
by Collins and Lee although the observed results for 
attenuation were determined from strain waves recorded at 10 
and 20 ft. distances from source; whereas, those of the model 
~ere determined for 100 to several hundreds of feet. These 
results are similar to those reported by Collins and Lee (11) 
~ho performed a Fourier analysis of the explosively generated 
radial strain wave in a sandstone as recorded by Duvall (4}. 
Discussion and Conclusion 
The Fourier analysis of the chosen models not only 
provides representation of wave parameter characteristics in 
the frequency domain, but also provides data for the 
calculation of attenuation exponents as a function of frequency. 
Although this study shows that, with some suitable chosen 
. 
transition frequencies in the models, the attenuation exponent 
is approkimately proportional to frequency in the range of 
seis~ic interest, none of the models fit all experimental 
data for low and high frequency ranges. This reflects that 
the ~athematical models of this study are limited in their 
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Fiqure 67. Attelluation expoaent vs. frequency for 
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CHAPTER VII 
SUMMARY, CONCLUSION, AND RECOMMENDATIONS 
Summa!Z 
The objectives of this investigation were i) to conduct 
the study of the close-in spherical wave parameters in a 
. generalized Voigt model_ generated by a unit impulse, single 
exponential. F(t) = F0eat and dual exponential forcing 
functions F(t) = F0 (e-at_e-Bt) from a spherical cavity, 
ii) to choose the models among the generalized Voigt models 
Which can represent a solid and investigate their charac-
teristics of the spherical wave parameters by changing the 
components of dashpots and springs in the models, iii) to 
compare the computed spherical wave parameters in models with 
the close-in earth motion measurements, iv) to study the 
dispersion and frequency dependent attenuation in the 
4-element and 6-element models. 
Spherical wave equation in ·a generalized Voigt model was 
solved through the Laplace transform. A numerical inversion 
of the Laplace transform which was modified in this study 
to be able to give the satisfactory solution for solving 
viscoelastic waves was applied. 
In the_ generalized Voigt models A and B, it was found 
that the displacement and strain increase with time and 
approach a limit other than zero as ·time approaches infinity. 
These two models in which a dashpot is in series with other 
components we.re;;t:hlls. shown to behave--like a liquid and are 
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inappropriate to represent earth materials in regard 
to the transient spherical wave propagation. 
The investigation on the 4-element and 6-element models 
showed that they can represent a solid and have the same 
characteristics of spherical wave parameters. At small 
distance~ the spherical waves in the 4-element and 6-element 
models display the correlations on wave shapes, pulse 
lengthening and rate of attenuation of peak values with the 
real waves. The only difference was found on the early 
arrival of wave in the models at all radial distance and 
abrupt arrival of wave in real earth. If these two models 
would require a more abrupt arrival and rate of attenuation 
comparable with real waves, a small damping coefficient in 
one of the dashpots should be given to fulfill this require-
ment. 
In the 4-element and 6-element models, the wave shape, 
pulse length, effective arrival and rate of attenuation of 
peak values were found to vary between the Voigt and 3-element 
models, and 4-element and 6-element models respectively, if 
one of the damping coefficients in the models change from 
infinite to zero. The variation of one of the elastic modulii 
was found to change wave shape and pulse length greatly. As 
one of elastic modulii become zero, the 4-element and 6-element 
models would behave like a liquid. 
~. · of the dampin. CJ coefficients in With the proper C1Lo1ce 
the 4-element and 6-element models, it was found that the 
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attenuation exponent fox plane wave in the frequency ra~ge 
of normal seismic wo.rk in these two model$ is similar to 
the experimental data whicn is expressed as a linear relation 
between attenuation exponent and frequency. The dispersion 
for these two models with the chosen damping coefficients 
for attenuation showed that only a few percent of variation 
of phase velocity occurs in the low frequency range and is 
also comparable with the observed real waves. 
The spherical wave parameters through Fourier transforms 
also show that a suitable choice of damping coefficients in 
the range of w , w , and w between 1000 and 104 in 4-element 
. 3 4 5 
and 6-element models, the attenuation is approximately 
proportional to the frequency in the range of seismic interest. 
However, for other values of damping coefficients, the 
attenuation is no longer proportional to frequency in all 
ranges. The attenuation derived from models has been fitted 
with some published data at low frequency. 
Conclusion 
1) The Laplace transform solution of the spherical 
wave equation for viscoelastic models can be used 
for analysis either in the time domain or in 
frequency domain through Fourier analysis by a change 
of variable s ~ iw. 
2) Any viscoelastic models which connect in series 
with a dashpot will yield a permanent deformation 
and therefore fail to .repreaent a model for 
simulati!-19 the real waves·, 
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· 3} Four element and aix element models have comparable 
wave parameters and rates of attenuation with 
radial distance if small damping coefficients 
in the models·.are taken, 
4} For plane and spherical waves, the attenuation 
. in the models is approximately proportional to 
frequency in the limited range of frequency with 
proper choice of components in the models, 
5) The difficulties of the mathematical models in this 
study to represent a solid are i} their early 
arrival of wave parameters which is caused by 
the fact that they have infinite phase velocity 
at infinite frequency; ii) ~e attenuation versus 
frequency cannot fit observed data at all ranges of 
frequency. 
Recommendations 
If the extension of this investigation were undertaken, 
a generalized Maxwell model should be investigated. 
Since it appears that 4-element and 6-element models 
are not able to fit the experimental data about attenuation 
at all frequency ra~ges, the other internal friction 
mechanisms witn or without viscous damping should be 
considered. 
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The experimental works r~garding the variation of 
wave attenuation with. a considerably wide ra;nge of 
frequency in different kinds of rocks should be accumulated 
so that the true characteris:tics of attenuation in earth 
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APPENDIX A 
THE STRESS-STRAIN RELATIONSHIPS FOR THE 
INVESTIGATED VISCOELASTIC MODELS 
The stress-strain relationship for the generalized 
Voigt model A (Figure 2-al is 
which can also be expressed as 
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For the generalized Vo~gt model B (Figure 2-b), the 
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The 4 .... element (F~gure 2-e} stress-stral.' n 
expression is 
e: ;:::; 1 1 
E3 + run + E~t + n~tD 
This is rearranged to obtain the equivalent form 














For the 6-element model (Figure2-d, the stress-strain 
relationship is that of the 4-element but with the addition 
of another term. The expression is 
e: = 
1 a 
and as with the other models, the alternate form is 
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APPENDIX C 
NUMERICAL INVERSION OF THE LAPLACE TRANSFORM 
The numerical inversion of the Laplace transform em-
1/"J.. 
ployed is that as developed by Bellman (42). A summary of 
his method is given as follows: 




e-st u(t) dt s>O ( 88) • 
Substitute x=e-t, into equation (88) which becomes 
1 
lxs-l u(-loq x) dx e U(s) • 
0 
Define G(x) = u(-log x) and the result is 




It is expedient to utilize the following quatrature 
formula: 1 I q (x) dx = Ai q (xi) (91) 
0 • h · coeffJ.'cJ.'ents and x.'s where the A.'s are the·weJ.g tJ.ng 1 ]. 
are the zeros of Legendre polynomials. 
By th~ substitution of q(x) = xs-l G(x) into equation 
n 
~ Ai xi s-l G (xi) = i(s) (91) (92) 
is obtained. 
i=l 
Lets assume n different values, for ex~ple s=l,2, ••• n, 
then equation {92) takes the form: 
n 
~ k G(X) = u{k+l), £....1Ai xi i 
k=O,l, ••• n-1 • (93) 
i==l 
comes n 2: x~k y. ;:: ak 




To solve equation (94), the kth equation is multiplied 
by a parameter qk as yet unspecified, and all of the corre-
sponding terms of the equation are summed then 
n n-1 n-1 
'E Yi ( 2: qk x/ ) = :E "k qk (95) 
l.=l k=O k=O 
Let 
n-1 
f (x) = :E qk xk 
k=O 
and equation (95) becomes 
n n-1 
~ yi f(xi) = ~ ak qk (96) 
l.-1 k-0 
where f (x) is a polynomial OI degree n - l to be chosen in 
the following convenient fashion: 




f,(x.) =0 J l. 
f, (X.) = 1 
J J 
i , j 
( 97) 
is imposed. The Lagrange interpolation formula is utilized 




are the coefficients in the polynomial {98) of 
where qkj 
degree n - 1. 
'1.\ 
150 Therefore equation (.98} reducea. to 
n-1 




J Aj G(xj} =6; ak qkj (lOO) 
The above is used to solve for 
n-1 
'G (X . ) = u (-log x.) = "' J . J L...i 
k=O 
UOl) 
where xj•s are zeros of shifted Legendre polynomials and 
listed in Appendix D for j=lO. The ratios qk./A. have been 
J J 
calculated by Bellman and cjiven in Appendix E for k=j=lO. 
To determine u(t) over a more extensive range the 
following formula is applied: 
n-1 - k+l 
=""urn u ( -m log x . ) L...J 






It should be noted that the replacement s=sw0 in u(s) 
. / 
of equation (26) improves the numerical results of the 
wave parameters for the viscoelastic model. However, the 
wave parame•er obtained from u(s) by this replacement is 
u(t/w0 ){w0 rather than u{t). 
The validity of this method of numerical inversion of 
Laplace transforms can be checked with the solutions ob-
tained analytically and by other numerical methods. In 
Figures 71 add 72 the particle velocity curves for plane 
Voigt wave and the displacement tor spherical Vo~gt waves 
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obtained by Clark et al t7S} using series expansion are 
compared with the results obtained by this numerical in-
version. The comparison shows that they agree with one 
another and deviate no more than 3 percent at all points. 
In Figure 73 the displacement for a 4-element model is 
obtained both by the method of Papoulis (76) which is also 
used by Daneshy (77) in his study on other viscoelastic 
models, and by Bellman's method. Although the points on 
the curves calculated by Papoulis method are of equal 
interval, whereas those of Bellman's are unequal, the 
curves obtained from these two independent methods show 
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Figure 71. Normalized particle velocity V(x,t) for plane Voigt 

















o •umerical solution 




Normalized displacement u'(r,t) for F(t) = F0 e-St for 
spherical Voigt wave, r =SO ft., w = 600, c = 20,000 fps., 8 = 150. 0 0 










.A Bellman 1 s method 
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4 6 8 10 12 14 16 18 
T = w t 
0 
Displacement vs. time for spherical waves in a 4-element model 
for a dual exponential pressure pulse, w2 = w0 , w3 = 2w0 , c = 20,000, 
a = 60, a = 240. 
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APPENDIX D 
ROOTS OF SHIFTED LEGENDRE POLYNOMIALS 
The roots for shifted Legendre polynomials * Pn (x) for 
n=lO are as follows: 
1. 3046735741414350 E - 2 
6. 7468316655507897 E - 2 
1. 6029521585048788 E - 1 
2. 8330230293537641 E - 1 
4. 2556283050918439 E - 1 
5. 7443716949081551 E - 1 
7. 1669769706462353 E - 1 
8. 3970478414951203EE-- 1 
9. 3253168334449210 E - 1 
9. 8695326425858560 E - 1 
A!> PEND I.X E 
VALUES OF qkj/Aj 
The elements of each row of the 10 x 10 matrix 




4. 7636818940468489 E 1 
-1. 5888058270621540 E 3 
1. 9703318379261181 E 4 
-1. 2468504388206205~E 5 
4. 5693572875160750 E 5 
-1. 0264559981163606 E 6 
1. 4345742062810324 E 6 
-1. 2163406599857453 E 6 
5. 7263576347386928 E 5 
-1. 1482677561426949 E 5 
-1. 3600251472079694 E 1 
1. 2944478368158711 E 3 
-2. 1206736297286843 E 4 
1. 5243922236262689EE 5 
-5. 9948947934919218 E 5 
1. 4065755831522439 E 6 
-2. 0233284408266247 E 6 
1. 7504102451139942 E 6 
-8. 3620979025510564 E 5 
1. 6952953248708086 E 5 
6. 9152893859027954 E 0 
-7. 1754087313122738 E 2 
1. 606203836721361Y~E14 






5. 9817970742371711 E 5 
-1. 5014489889478536 E 6 
2. 2625302986972632 E 6 
-2. 0238545415689603 E 6 
9. 911704405047'4.624.;E 5 
-2. 0479977286030388 E 5 
-4. 3347755028550114 E 0 
4. 6152442191897273 E 2 
-1. 1245195102879295 E 4 
1. 0907622419615872 E 5 
-5. 2619608282311886 E 5 
1. 4230013082128769 E 6 
-2. 2667976051638034 E 6 
2. 1149872426799043 E 6 
-1. 0701713217930839 E 6 
2. 2688995363410535 E 5 
3. 0224413129611460 E 0 
-3. 2536632332936194 E 2 
8. 2120953859296896 E 3 
-8. 4433163665506096 E 4 
4. 3694386813728240 E 5 
-1. 2605071027702074 E 6 
2. 1208026082988289 E 6 
-2. 0701285705269394 E 6 
1. 0870706834930285_E 6 
-2. 3764031359797455 E. 5 
-2. 2391285740127440 E 0 
2. 4240619103876510 E 2 
-6. 2282228225405787 E 3 
6. 6004587961004892 E 4 
~3. 5578415857698541 E 5 
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1. 0751126718341503 E 6 
-1. 8939045898428090 E 6 
1. 9286143921177947 E 6 
-1. 0516921388897424 E 6 
2. 3764031359797455 E 5 
Row 7: 
1. 7134865755090915 E 0 
-1. 8609271533055209 E 2 
4. 8294021180308756 E 3 
-5. 2068450405179360 E 4 
2. 8754150696225994 E 5 
-8. 9548791099261943 E 5 
1. 6320721886540262 E 6 
-1. 7216549991630260 E 6 
9. 7183826091386488 E 5 
-2. 2688995363410544 E 5 
Row 8: 
-1. 3200922820458604 E 0 
1. 436380~009053172 E 2 
-3. 7496162693666477 E 3 
4. 0840168876119671 E 4 
-2. 2886025683627408 E 5 
7. 2643928184494508 E 5 
-1. 3548600784180925 E 6 
1. 4672828405019311 E 6 
-8. 5202751523798898 E 5 
2. 0479977286030388 ·:E 5 
Row 9: 
9. 8397308027229257 E 7 
-1. 0718187566739700 E 2 
2. 8074636043401075 E 3 
-3. 0759373574475605 E 4 
1. 7385617851724621 E 5 
-5. 5819292467264522 E 6 
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1. 0561498767431684 E 6 
-1. 1637950926080595 E 6 
6. 8955600212862186 E 5 
-1. 6952953248708084 E 5 
Row 10: 
-6. 2972078903648367 E-1 
6. 8631241594216109 E 1 
-1. 8007322514163832 E 3 
1. 9787480981636393 E 4 
-1. 1232455134290224 E 5 
3. 6273559299209234 E 5 
-6. 9145818794948088 E 5 
7. 6901847430849219 E 5 
-4. 6080521705455609 E 5 
1. 1482677561426949 E 5 
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APPENDIX F 
SOME EXAMPLES OF CLOSE-IN EARTH MOTION 
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B 
0 5 10 15 20 25 30 35 40 
A: Arrival time = 4 ms, peak velocity = 40.5 in/sec. 
B: ·Arrival time = 6 ms, peak velocity = 30.8 in/sec. 
C: Arrival time = 11.2 ms, peak velocity= 15.7 in/sec. 
Figure 74. Velocity vs. time in tuff (ref. swift [61]). 
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I 
0 2 4 6 8 
10 12 
t in millisecond 
A: Distance = 10 ft., peak strain = 
810 u in/in 
B: Distance = 40 ft., peak strain = 
78 u in/in 
C: Distance = 50 ft., peak strain = 
50 u in/in 
Figure 75. Typical strain records 
in marlstone 




0 50 100 150 
A: Ground range= 200ft., peak acceleration= 100 9 
B: Ground range= 250 ft., peak acceleration= 50 g 
C: Ground range= 340ft., peak acceleration= 15 9 
• II' 
Figure 7o. Acceleration vs. time (Ref. Murrell £59 l) • 
163 
164 
. A?PENDIX G 
UNIT IMPULSE RESPONSE OF FOUR-ELEMENT MODEL 
28x10-2 
24 
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Figure 80. Strain va. time for spherical waves in 
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ABSTRACT 
Transient spherical waves in a. generalized vo~gt model 
were invest~gated in this study. Both Laplace and Fourier 
transform solutions of the spherical wave equation for a 
. generalized Vo~gt model were obtained by means of the 
correspondence principle. Laplace transform solutions were 
inverted numerically into the domain for the study of the 
characteristics of the wave forms, and Fourier transform 
solutions were utilized for the analysis of frequency 
dependency attenuation in the models. 
Generalized Vo~gt models A and B in which a dasbpot 
is connected in series with spring and dashpot components 
were unable to represent a solid which would simulate the 
real waves. 
The spherical wave parameters in the 4-element and 
6-element models were shown to correlate with real waves 
as to wave shape and the rate of attenuation of peak values 
at very short distances from the source. The major difference 
between real waves and the spherical waves of these models 
was the instantaneous arrival time in the latter as opposed 
to the much later arrival of real waves. 
A study of the dependency of attenuation on frequency 
in the 4-element and 6-elexnent models was made. If a choice 
of the damping coefficients of the models is made, an atten-
uation exponent results which is approx~tely a linear function 
of frequency in the frequency r~ge of seismic work. This is 
COiftPUable with some published data. 
